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• Navigation in autonomous mobile robots (AMRs)
• Technic: GNSS Real-time Kinematics (GNSS-RTK)

Ø Definition: double-differenced GNSS localization (Takasu, 2009)
Ø Function: centi-meter positioning in open-sky scenes

• Typical challenging: GNSS signal degradation
Ø Limited satellite numbers (Low availability)
Ø Large measurement noise (Low accuracy)

• Ways to improve navigation performance
• Introduce complementary sensors
• Use Kalman filter to cope with noise

Introduction

“There were many papers on Kalman 
filter based multi-sensors aided GNSS
since 1980.” (L.-T. Hsu, 2022, ION)

Fig. 1. An autonomous 
mobile robot in campus
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Introduction

a) Pros
Ø Keep batch measurements and 

states

Ø Apply iterative optimization
Ø …

b) Cons
Ø Heavy computing burden if the 

measurement amount is large
Ø …

• The possibility: factor graph optimization (FGO) opens a new window

• Features of FGO

“Factor graph based sensors-aided 
GNSS methods emerged since 2012.” 
(L.-T. Hsu, 2022, ION)



4/31

Introduction

W. Wen, T. Pfeifer,
et al., 2021

C. Forster, 
et al., 2016

S. Niko, 
P. Protzel, 2012

FGO based 
GNSS-PPP

Pros: Employ carrier phase 
measurements.
Cons: PPP needs time to 
converge.

First FGO based 
GNSS positioning

Pros: The first FGO-based GNSS 
localization.
Cons: Only employ pseudo-
range measurements

On manifold IMU 
pre-integration

Pros: Utilize IMU in FGO.
Cons: Only apply in 
visual-inertial odometry.

FGO based
GNSS/INS integration

Pros: Develop loosely/tightly 
coupled GNSS/INS integration.
Cons: Limit to GNSS and IMU 
performance.

2012[1] 2016[2] 2018[3]

R. Watson, 
et al., 2018

2021[4]

[1] S. Niko, et al., IEEE SSD, 2012. [2] C. Forster, et al., T-RO, 2016.  
[3] R. Watson, et al., PLANS, 2018.  [4] W. Wen, et al. NAVIGATION, 2021
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Overview of the Proposed Method

Fig. 2. The architecture of the proposed method
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Factor Graph Model

Symbols Meanings Symbols Meanings
!!"# Prior marginalization factor !$!% IMU pre-integration factor

Double-differenced pseudo-range factor !&'&! Odometer pre-integration factor

!(∆* Double-differenced carrier-phase factor
State node at epoch "!+ Doppler factor

Fig. 3. The factor graph model

#,

position velocityattitude IMU bias Odometer scalerclock drift
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• GNSS factor model [4]

Factor Graph Model

• Double differenced model
Ø !$% = # + %&$ − %(% + )&
Ø ∇∆!$,(%,)= !$% − !(% − !$) − !() + )∇∆&

• DD pseudo-range 
Ø ,∇∆& = ∇∆!$,(%,) − ∇∆#$,(%,)

• DD carrier-phase
Ø ,∇∆, = ∇∆-$,(%,) − ∇∆#$,(%,) + ∇∆.$,(%,)

• Doppler residual 
Ø ,- = /$% − ./! .0

1 + %&̇$ − %(̇%

Satellite m

Base Receiver e Rover Receiver r

Satellite s

2-. 2#.2-! 2#!

3#.

Fig. 4. The GNSS measurement model

Δ2 = 2% − 42$ : position vector

Δ3 = 3% − 43$ : velocity vector 

# = 2% − 42$ : geometry range

[4] W. Wen, et al. NAVIGATION, 2021
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• Raw measurements from IMU

Factor Graph Model

• Pre-integration model:

4: true acceleration

5: true angular velocity

65: acceleration bias

66: angular velocity bias

77"#$,8)9
7" : integral position

87"#$,8)9
7" :integral velocity

97"#$,8)9
7" : integral attitude

• IMU factor model [2]

GNSS: 1Hz IMU: 100Hz

time
The high-rate IMU costs too much resource ! 

[2] C. Forster, et al., T-RO, 2016.
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• Residual model

Factor Graph Model
• IMU factor model [2]

GNSS: 1Hz IMU: 100Hz

time

[2] C. Forster, et al., T-RO, 2016.
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Introduction
• The opportunity: FGO-based RTK/INS/Odometer (RIO) integration
• Definition

• “2D linear/angular velocity measurements from an odometer 
are perfectly suitable for differential-drive robots.” (X. Zuo, 
2019, ISRR)

• How to construct FGO-based RIO? (First contribution)
• Preprocess: Develop modified pre-integration;
• Residual: Derive Odometer residual model in the tightly 

coupled model;

• Jacobian: infer the first-order derivative of the full state
Fig. 5. Differential-drive model
(!%/!&: velocity on one wheel)
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• Raw measurements from Odometer

Factor Graph Model

• Modified Pre-integration model:

• Odometer factor model

Odometer: 25Hz IMU: 100Hz

time

The Odometer output rate is also high! 
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• Residual model

Factor Graph Model
• Odometer factor model

Odometer: 25Hz IMU: 100Hz

time
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GNSS Outlier Mitigation

• Definition
• “To get the best performance out of GNSS in urban areas, it is 

necessary to minimise the impact of NLOS reception and multipath 
interference on the position solution” (P. Groves, 2013, ION GNSS+)

• Pre-integration aided GNSS OM (second contribution)

• Introduction of sensor-aided GNSS outlier mitigation (OM)

Predicted range 
from pre-integration Compute 

detection value Outlier mitigation
Real pseudo-range 
and carrier phase
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GNSS Outlier Mitigation
• Introduction of sensor-aided GNSS outlier mitigation (OM)
• Real pseudo-range and carrier-phase

!"!"##,%&' = ∇∆"%&' − ∇∆"%

• Predicted range from pre-integration
:-:$(,;<= = ∇∆;#:$(,;<= − ∇∆;#,;

• Compute detection value :
'%&' = |!"()*,%&' − !"!"##,%&'|

#$'(),+,-
%+,-

Fig. 6. the real GNSS measurement 
and the predicted range
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Numerical Experiments
• Experiment platform d

b
e

a

c

c
• Evaluating Sensor (Low-cost)

a) GNSS: U-blox F9P receiver + Beitian-300S antenna
b) IMU: MPU9250 (gyro bias stability 180 °/ℎ)

c) Odometer: Nidec encoder (100 pulse per round)

• Ground-Truth Sensor (High-cost)
d) LiDAR: Velodyne HDL-32E (vertical resolution 32 line)
e) IMU: Xsens Mti-30 (gyro bias stability 18 °/ℎ)

• Robot Platform
Ø UrsRobot Nexmow M1 (operation speed 0.2 - 0.7 m/s)
Ø Software: ubuntu 20.04, ROS noetic, Ceres-solver 2.1.0

How to 
make it?

Fig.7. Experiment platform

Credit: https://ursrobot.ai/product-category/products/nexmow-robot-mower/
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Numerical Experiments
• Tightly coupled LiDAR-inertial odometry (LIO-SAM[5]) with loop closure

[5] Shan, T. et al., IROS, 2020. [6] Zhang, Z. et al., IROS, 2019. [7] Delmerico J. et al., ICRA, 2018.

Fig. 8. LIO-SAM with loop closure[1]

• Input: IMU data and lidar point clouds
• Output: keyframe positions in local frame
• Method features

a) Accuracy analysis

Ø High precision point cloud (2 cm)
Ø Tightly coupled via factor graph

b) Alignment between ECEF/local frame
Ø Use 30% trajectory to compute the 

transform between ECEF/local frame[6-7]
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Numerical Experiments
• Compared methods

Schemes GNSS IMU Odometer Outlier Mitigation (OM)

RTKLIB-RTK [8] ✓ x x G*

F9P-RTK [9] ✓ x x G

RI [4] ✓ ✓ x G

RI-OM ✓ ✓ x GI**

RIO ✓ ✓ ✓ G

RIO-OM ✓ ✓ ✓ GIO***

[8] T. Takasu et al., International Symposium on GPS/GNSS, 2009         [9] U-blox, 2023         [4] Wen, W. et al.. Navigation 2021

*“G” means only using GNSS; 
**“GI” means using GNSS and INS-aided outlier mitigation; 
***“GIO” means using GNSS and INS/Odometer-aided outlier mitigation.
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Numerical Experiments
• Open-sky positioning performance

Fig. 9. Open-sky trajectory

• Experiment design
a) satellite number/PDOP
Ø The average satellite number is 

16.78
Ø The average PDOP is 1.34

b) operation process 
Ø Sidestep three laps around the 

lawn
Ø Simulate the regular movement of 

lawn mowers
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GNSS outage (s) 10 20 30 60

RI-OM (m) 4.86 16.40 38.55 168.93

RIO-OM (m) 1.49 3.96 5.79 10.83

Improvement
by RIO-OM 69.34% 75.85% 84.98% 93.59%

Numerical Experiments
• Open-sky positioning under simulated GNSS outage Improve

69~93%
• Absolute translation error (ATE)

Ø Integration of Odometer can improve the positioning performance in GNSS outage.
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Numerical Experiments
• Urban canyon positioning performance

Fig. 10. Urban canyon trajectory

• Experiment design
a) satellite number/PDOP
Ø The average satellite number is 

9.57
Ø The average PDOP is 2.85

b) operation process 
Ø Sidestep two laps around the lawn
Ø Simulate the regular movement of 

lawn mowers
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Numerical Experiments
• Urban canyon positioning performance
• Absolute translation error (ATE)

Ø RIO-OM reaches a RMSE of 0.30 m, with 79.2% 
and 93.6% improvement compared to RTKLIB-RTK 
and F9P-RTK. 

3D ATE RTKLIB-RTK F9P-RTK RI RI-OM RIO RIO-OM

MAX (m) 3.86 11.95 1.72 0.95 1.03 0.85

RMSE (m) 1.44 4.71 0.76 0.38 0.52 0.30

MAE (m) 1.06 3.74 0.53 0.30 0.40 0.24

Fig. 11. Horizontal and height ATE
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Numerical Experiments
• Urban canyon performance (RIO-OM with sliding window size = 3)

Platform Personal 
Computer

Nvidia Orin-
Nano

Nvidia Jetson-
Nano

Raspberry-
Pi 4B

CPU
Intel Core i9-

9900K
@ 3.6 GHz * 16

ARM Cortex-
A78AE

@ 1.5 GHz * 6
ARM Cortex-A57
@ 1.43 GHz * 4

ARM Cortex-A72 
@1.5GHz *4

RAM 32 GB LPDDR5 8 GB LPDDR5 4 GB LPDDR4 2 GB LPDDR4

CPU Usage 15.83
(using 1 core)

6.71
(using 6 core)

12.49
(using 4 core)

23.50
(using 4 core)

Memory Usage 0.48 2.98 3.78 8.17

Ø RIO-OM can run at a low-cost device (Raspberry Pi, $59), and only use <25% CPU.
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Conclusion
• Summary

• Develop a novel FGO-based GNSS-RTK/INS/Odometer tightly coupled 
integration framework

• Apply INS/Odometer-aided GNSS outlier mitigation to the proposed FGO 
framework

• Evaluate the proposed method using the dataset collected in both open-
sky and dense urban scenes

• Contribution
• Build the modified pre-integration model to fuse Odometer into factor graph

optimization
• Expand the sensors used to aid GNSS outlier mitigation
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Conclusion
• Limitation

1. Offline extrinsic parameters
calibration in advance is not
suitable for time-varying robotic
systems

2. Limited by GNSS signal, initial global
position and bearing are obtained in
open-sky scenes outdoors

3. Focus on improving the positioning
performance by the motion model

1. Online temporal/spatial parameters
calibration identification to capture
accurate sensor transformation

2. Develop a flexible initialization
method for robots to start up
indoors

3. Integrate environmental features
to further improve the localization
and mapping performance

• Future work
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Appendix A
• Open-sky positioning performance

Fig. 12. Horizontal and Height ATE

Ø Integration of Odometer can help mitigate gross 
error in GNSS-RTK, according to MAX error;

3D Error RTKLIB
-RTK F9P-RTK RI RI-OM RIO RIO-OM

MAX (m) 0.49 0.63 0.39 0.40 0.35 0.35

RMSE (m) 0.22 0.19 0.19 0.18 0.18 0.18

MAE (m) 0.20 0.17 0.17 0.17 0.16 0.16

• Absolute translation error (ATE)
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GNSS 
outage (s) 10 20 30 60

RI-OM (m) 4.86 16.40 38.55 168.93

RIO-OM (m) 1.49 3.96 5.79 10.83

Improvement
by RIO-OM 69.34% 75.85% 84.98% 93.59%

Appendix A
• Open-sky performance under simulated GNSS outage

Improve
69~93%

Fig. 12. 3D positioning ATE
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Appendix B
• Urban canyon positioning performance

Fig. 13. Urban canyon scene and satellite 
number/PDOP

Fig. 14. Urban canyon trajectory
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Appendix C

• Error analysis
a) Predicted range precision (local info)

Ø Assume measurements at last epoch 
without outliers 

Ø Pre-integral position from IMU/Odometer 
is precise (3D ATE < 0.1 m in 1 second)

• Introduction of sensor-aided GNSS outlier mitigation (OM)

&$(,+,-. = $(,+,-. − $(,+,-.

= )+,- ⋅ ++,- −)+ ⋅ ++
= )+,- ⋅ ++ − &+( + &+. −)+ ⋅ ++
= )+,- −)+ ⋅ ++ +)+,- ⋅ (−&+( + &+.)

Ø )+ is the line of sight vector at epoch k

b) Last position precision (global info)

Ø The sensor-aided GNSS outlier mitigation can tolerate large prior position error
(up to 100 m error)


